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Abstract
We prove that if G is a solvable group with abelian Sylow 2-subgroups, the index of the Fitting subgroup
of G is at most the square of the largest irreducible character degree of G.
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1. Introduction
Let G be a finite group and denote by
b(G) = max{χ(1) ∣∣ χ ∈ Irr(G)}
the largest degree of an irreducible character of G.
In [7] D. Gluck proves that in all finite groups the index of the Fitting subgroup F(G)
in G is bounded by a polynomial function of b(G). For solvable G, Gluck further shows that
[G : F(G)]  b(G)13/2 and conjectures that [G : F(G)]  b(G)2; this has been verified by
A. Espuelas [4] for G of odd order. We note that the bound [G : F(G)] b(G)2 fails for many
non-solvable groups (e.g. for G simple and non-abelian).
✩ This work is part of the MURST project ‘Teoria dei Gruppi e Applicazioni’.
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with abelian Sylow 2-subgroups.
Theorem 1. Let G be a solvable group and assume that the Sylow 2-subgroups of G are abelian.
Then
[
G : F(G)] b(G)2.
We outline the idea of the proof of Theorem 1. Following Gluck’s strategy in [7] for producing
irreducible characters of large degree, we consider the action of G/F(G) on the group V of the
linear characters of the section F(G)/Φ(G). V is a faithful and completely reducible G/F(G)-
module and by standard Clifford theory large orbits of G/F(G) on V give correspondingly large
character degrees.
To prove Gluck’s conjecture in this way, one should show that if V is a faithful completely
reducible G-module, there exists a G-orbit in V with length at least
√|G|. As already observed
in [7], this is unfortunately not true in general: the wreath product G = GL(2,2)  S3 acts faith-
fully and irreducibly on a vector space V of dimension 6 on GF(2), but every G-orbit in V has
cardinality less then
√|G| (see [12, Example 13]).
Espuelas in [4] proves that the such long orbits exist if |G||V | is odd. We here extend this to the
case that the semidirect product GV has abelian Sylow 2-subgroups (Theorem 2). Since we are
approaching the limit of the method, it is not surprising that we have to face some technicalities.
To prove the existence of large orbits, we follow a classical pattern. We prove that there exist
v,w ∈ V such that CG(v) ∩ CG(w) = 1; more precisely, that G has at least n regular orbits on
V ⊕ V where the action is (v1, v2)g = (v1g, v2g) and n is big enough to make induction work.
(We recall that an orbit vG is regular if |vG| = |G|, i.e. if CG(v) = 1.) The claim is proved first
for primitive G-modules (Proposition 3) and then in general (Theorem 2), using Proposition 1
and the methods developed in [13] for handling the imprimitive case.
2. Notation and preliminary results
All groups in the following are finite groups.
Let Ω be a set and l a positive integer. In the following, we denote byPl (Ω) the set of ordered
partitions of length l of the set Ω , that is Pl(Ω) is the set of ordered l-tuples
Pl (Ω) =
{
(Δ1,Δ2, . . . ,Δl)
}
where the Δi ’s are subsets of Ω such that
• Ω = Δ1 ∪Δ2 ∪ · · · ∪Δl ;
• Δi ∩Δj = ∅ for all i 
= j ;
• Δi 
= ∅ for all i = 1,2, . . . , l.
We say that l is the length of the ordered partition (Δ1,Δ2, . . . ,Δl).
If G is a permutation group on Ω , then G acts naturally on the Pl (Ω) by
(Δ1,Δ2, . . . ,Δl)g = (Δ1g,Δ2g, . . . ,Δlg)
for (Δ1,Δ2, . . . ,Δl) ∈Pl (Ω) and g ∈ G.
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primitive permutation subgroups of Sym(Ω) on sets like Pl (Ω). Even if we are not really going
to need the case |G| odd in part (b) of the following proposition, we include it for completeness.
Proposition 1. Let G be a solvable primitive permutation group on a finite set Ω , |Ω| 2. Then
(a) if G has abelian Sylow 2-subgroups and |Ω| 3, then G has at least three regular orbits on
P3(Ω) unless |Ω| = 3 and G  S3;
(b) if G is a group of odd order or if |Ω| = 2, then G has at least one regular orbit on P2(Ω).
Proof. (a) follows by Lemma 1 in [1] or by Theorem 3.1 in [13].
For a proof of (b) see [6, Corollary 1] or [10]. 
Next we need a control on suitable regular orbits in primitive module actions. We will make
use of the following result, which appears as Theorem 3.4 in [3]:
Proposition 2. Let H be a solvable primitive subgroup of GL(n,p), p a prime number, n a posi-
tive integer, and let W be the natural module for G.
Then H has at least p regular orbits on W ⊕W , unless H is one of the following groups:
(i) GL(2,2);
(ii) SL(2,3) or GL(2,3);
(iii) 31+2.SL(2,3) or 31+2.GL(2,3)GL(6,2);
(iv) (Q8  Q8)H  GL(4,3) where H is isomorphic to a subgroup of index 1, 2 or 4
of O+(4,2).
We remark that it is necessary to have “enough” regular orbits in order to be able to pass to
the imprimitive case.
Proposition 3. Let H be a solvable group and W be a finite, faithful and primitive H -module.
Assume that char(W) 
= 2. Then, considering the natural action of H on W ⊕W :
(a) if |H | is odd, then H has at least five regular orbits on W ⊕W ;
(b) if H has abelian Sylow 2-subgroups, then H has at least three regular orbits on W ⊕W .
Proof. Let |W | = pn, with p an odd prime number and n ∈ N.
(a) Observe that we can assume |W | 
= 3,32, since otherwise H = 1 and the assert follows
trivially as |W ⊕ W | 9. We claim that it is enough to show that there exits a w ∈ W such that
CH(w) has at least five regular orbits on W . Namely, for (w,w1) ∈ W ⊕ W , CH((w,w1)) =
CH(w) ∩ CH(w1) and hence a regular orbit of CH(w) on W gives a regular orbit of H on
W ⊕ W . Further, if (w,w1)h = (w,w2) for an h ∈ H , then h ∈ CH(w) and wh1 = w2, which
means that distinct orbits of CH(w) on W give distinct orbits of H on W ⊕W .
Assume first that F = F(H) is an abelian group. Then by [9, Corollary 2.3], H can be identi-




)= {x → axσ ∣∣ x, a ∈ GF(pn), a 
= 0, σ ∈ Gal(GF(pn)/GF(p))}
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= v ∈ W . It is enough to prove that G has at
least 5 regular orbits on W . We can assume that G is the Galois group of W = GF(pn). So
the elements of W that do not belong to a regular orbit of G are in the union of the subfields
GF(pn/m), when m runs among the prime divisors of n. The distinct prime divisors of |G| = n
are at most log2(n) and hence the set of the elements of W which have non-trivial centralizer
in H has cardinality at most pn − log2(n)pn/2. It is easily checked that pn − log2(n)pn/2  5n
for (p,n) 
= (3,1), (3,2) and hence G has at least 5 regular orbits on W .
Assume now that F(H) is non-abelian. Then by [4, Lemma 2.1] there is a w ∈ W such that
CH(w) = 1. Hence, CH(w) has |W | > 5 regular orbits on W and we are done.
(b) By Proposition 2, H has at least p regular orbits on W ⊕W because the Sylow 2-subgroups
of H are abelian and p > 2. 
Observe that the previous result fails for modules of even characteristic: the semilinear group
(23) has just two regular orbits on GF(23)⊕ GF(23) and (22) ( GL(2,2)) has just one reg-
ular orbit on GF(22)⊕ GF(22). Note finally that GL(2,3) has just one regular orbit on the direct
sum of two copies of the natural module. This shows that in Proposition 3(b) the assumption on
the Sylow 2-subgroups is necessary.
We have now to recall some facts and notation concerning wreath products.
Let S be a permutation group on a finite set Ω . We denote by R  S the (permutational) wreath
product of a group R with S. Namely,
R  S = {(τ, σ ) ∣∣ τ :Ω → R, σ ∈ S}
with product (τ, σ )(τ1, σ1) = (τ2, σσ1) where τ2(ω) = τ(ω)τ1(ωσ) for ω ∈ Ω (see for in-
stance [8, §I.15]). We denote by B(R  S) = {(τ, σ ) ∈ R  S | σ = 1} the base group of the wreath
product R  S. Finally, if W is a R-module, then V =⊕ω∈Ω W becomes a R  S-module by the
natural imprimitive action (
∑
ω∈Ω wω)(τ, σ ) =
∑
ω∈Ω w′ω with w′ω = wωσ−1τ(ωσ−1).
Let now G be a group and let V be a faithful G-module such that V = WG for a H -module W ,
H G. Let Ω = {g1, g2, . . . , gh} be a right transversal of H in G. Write, for g ∈ G and ω ∈ Ω ,
ωg = h(ω,g)σg(ω)
where h(ω,g) ∈ H and σg(ω) ∈ Ω . Then σ : G → Sym(Ω), where σ(g) = σg for g ∈ G, is a
group homomorphism such that K = Ker(σ ) = coreG(H) and S = σ(G)  G/K is a transitive
subgroup of Sym(Ω). Observe that S is a primitive permutation group on Ω if and only if H is
a maximal subgroup of G.
Let R = H/CH (W) and consider the map
ι :G → R  S
defined, for g ∈ G, by ι(g) = (τg, σg) where τg(ω) = h(g,ω).
It is not difficult to check that ι is an injective group homomorphism.
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(a) G is isomorphic to ι(G) as group of automorphisms of V ; namely
vg = vι(g)
for all v ∈ V and g ∈ G.
(b) Assume that S has n regular orbits on Pl (Ω), for some positive integer l, and that R =







Proof. (a) This follows immediately from the definition of the natural imprimitive action of R  S
on V .




on V . This is a consequence of Theorem 1.1 in [13] (observe that, referring to the notation in [13],
n = l!|Πl(Ω,S∗)|/|S|). 
3. Proof of the main result
We now come to the key result for proving Theorem 1.
Theorem 2. Let G be a solvable group and V be a finite faithful and completely reducible
G-module ( possibly of mixed characteristic). If the Sylow 2-subgroups of the semidirect prod-
uct GV are abelian, then G has a regular orbit on V ⊕ V .
Proof. We work by induction on |GV |. Observe that the assumption on the Sylow 2-subgroup
of GV is inherited by subgroups and factor groups.
Assume first that V = U ⊕ W with U and W proper G-submodules. Then by inductive hy-
pothesis G/CG(U) has a regular orbit on U ⊕U and G/CG(W) has a regular orbit on W ⊕W .
Since CG(U)∩CG(W) = 1, it follows that G has a regular orbit on U ⊕U ⊕W ⊕W  V ⊕V .
Therefore, we can assume that V is irreducible.
If char(V ) = 2, then the Sylow 2-subgroups of G centralize V . But G acts faithfully on V
and hence G is a group of odd order. Then the claim follows by Theorem 3.1 in [2].
From now we assume that char(V ) is odd. To make induction work, with the assumption V
irreducible of odd characteristic, we will prove the following:
Claim. G has at least three regular orbits on V ⊕V ; if |G| is odd, then G has at least five regular
orbits on V ⊕ V .
If V is primitive, the claim follows by Proposition 3.
We hence assume that there exists a proper subgroup H of G and an irreducible H -submodule
W of V such that V = WG. Then, clearly, V ⊕V = (W ⊕W)G. By transitivity of induction, we
can choose H to be a maximal subgroup of G. We are in the situation described in Proposition 4,
and we adopt the corresponding notation.
In particular, S  G/K is a primitive permutation group on a right transversal Ω of H in G,
where K is the normal core of H in G. Let further R = H/CH (W). By inductive hypothesis,
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on W ⊕W .
If |Ω| = 2, then by Proposition 1(b) S has at least one regular orbit on P2(Ω). Hence by
Proposition 4(b) G has at least (32
)= 3 regular orbits on V ⊕ V .
If |Ω| > 3 or if |Ω| = 3 and S 
 S3, then by Proposition 1(a), S has at least n = 3 regular
orbits on P3(Ω) and hence G has at least 3
(3
3
)= 3 regular orbits on V ⊕ V .





orbits on V ⊕ V .
We are hence left with the case |Ω| = 3, S  S3 and R even. Observe that by Proposition 4(a)
we can assume that G is a subgroup of the wreath product Ĝ = R  S3.
We prove that [Ĝ : G] 3.
As |R| and |S| are both even, Ĝ has non-abelian Sylow 2-subgroups and hence G 
= Ĝ. As-
sume, working by contradiction, that [Ĝ : G] = 2. Then, in particular, G is a normal subgroup
of Ĝ. Let B = B(Ĝ) be the base group of Ĝ. Observe that BG = Ĝ and hence B  G. Observe
further that R ∩ G is a proper subgroup of R, as otherwise B = RĜ (the normal closure of R
in Ĝ) would be a subgroup of G. It follows that [R : R ∩G] = 2.
Let N = (R ∩G)Ĝ be the normal closure of R ∩G in Ĝ. Then N  B and Ĝ/N  C2  S3. It
follows that there exists a subgroup L B such that Ĝ/L  S4. In the following we identify Ĝ/L
with S4. If L  G, then G/L is a normal subgroup of S4 and G/L does not contain the Klein
subgroup B/L, a contradiction. Hence, GL = Ĝ and then G/(G ∩ L)  GL/L  S4 has non-
abelian Sylow 2-subgroups, again a contradiction. Hence, [Ĝ : G] 3.
Since S3 has (exactly) one regular orbit on P3(Ω), by Proposition 4(b) Ĝ has at least one
regular orbit O on V ⊕V . But O splits into |Ĝ : G| 3 regular orbits of G on V ⊕V and hence
we are done. 
Observe that Theorem 2 fails if we just assume that G has abelian Sylow 2-subgroups.
Example 1. Let G = (23)  S3 be the wreath product of the semilinear group (23) and the
symmetric group S3. The action of (23) on W = GF(23) gives an imprimitive G-module V
with |V | = 29. It is not difficult to check that G has no regular orbit on V ⊕ V , even if G has
Sylow 2-subgroups of order 2.
Corollary 1. In the assumptions of Theorem 2, there is an orbit of G on V with cardinality at
least
√|G|.
Proof. By Theorem 2, there is an element (v,u) in V ⊕ V such that CG((v,u)) = CG(v) ∩
CG(u) = 1. It follows that, say, |CG(v)|√|G| and hence |vG| = [G : CG(v)]√|G|. 
Finally, Theorem 1 follows from the following, slightly stronger, result.
Theorem 3. Let G be a solvable group and assume that the Sylow 2-subgroups of G/Φ(G) are
abelian. Then
[
G : F(G)] b(G)2.
Proof. Let U = F(G)/Φ(G) and let V = Û be the dual group of U , i.e. the group of the char-
acters of the abelian group U . Write G = G/F(G). It is well known that V , as well as U ,
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2-subgroups of GV are abelian, since the Sylow 2-subgroups of G act trivially on the Sylow
2-subgroup of V , which is the dual of the Sylow 2-subgroup of U . Hence, by Corollary 1 there
is a φ ∈ V such that |φG| = [G : CG(φ)] [G : F(G)]1/2. By standard Clifford theory, it follows
that there is a χ ∈ Irr(G/Φ(G)) such that χ(1) is a multiple of |φG| and hence we are done by
lifting χ to G. 
4. Final remarks
One could ask about the sharpness of the quadratic bound in the inequality [G : F(G)] 
b(G)2. We do not know of any (non-abelian) example where the bound is attained. On the other
hand, a linear bound would certainly fail, as the following example shows.
Example 2. Let Gn = A(pn) be the affine semilinear group on the field of pn elements,
p a prime number. Then b(G) = pn − 1 and [Gn : F(Gn)] = n(pn − 1) = n · b(Gn). Hence,
for every choice of constants A and B , there is a Gn such that [Gn : F(Gn)] >Ab(G)+B .
We mention a further argument in favor of the quadratic bound. Let p be a prime number. We




∣∣ χ ∈ Irr(G)}
to be the greatest p-part of the degrees of irreducible characters of G.
In [5] A. Espuelas and G. Navarro prove that if G is a (solvable) group of odd order and p is





Observe that the bound is attained.
Example 3. Let G be the subgroup of index 2 in A(73). It is straightforward to verify that
b3(G) = 3 and [G : F(G)]3 = 32.
Finally, we mention that A. Moreto and T. Wolf in [11] prove the following
Theorem 4. [11, Corollary 2.7] Let G be a solvable non-abelian group. Then
(a) [G : F(G)] b(G)3.
(b) [G : F(G)] b(G)2/2 if |G| is odd.
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